Abstract. We introduce a class of continuous maps f of a compact metric space I admitting inducing schemes and describe the tower constructions associated with them. We then establish a thermodynamical formalism, i.e., describe a class of real-valued potential functions ϕ on I which admit unique equilibrium measures µ ϕ minimizing the free energy for a certain class of measures. We also describe ergodic properties of equilibrium measures including decay of correlation and the Central Limit Theorem. Our results apply in particular to some one-dimensional unimodal and multimodal maps as well as to multidimensional nonuniformly hyperbolic maps admitting Young's tower. Examples of potential functions to which our theory applies include ϕ t = −t log |df | with t ∈ (t 0 , t 1 ) for some t 0 < 1 < t 1 . In the particular case of Sunimodal maps we show that one can choose t 0 < 0 and that the class of measures under consideration comprises all invariant Borel probability measures. Thus our results establish existence and uniqueness of both the measure of maximal entropy (by a different method than Hofbauer [Hof79, Hof81]) and the absolutely continuous invariant measure extending results by Bruin and Keller (see [BK98] ) for the parameters under consideration.
Introduction
In this paper we develop a thermodynamical formalism for some classes of continuous maps of compact topological spaces. In the classical setting, given a continuous map f of a compact space I and a continuous potential function ϕ on I, one studies the equilibrium measures for ϕ, i.e., invariant Borel probability measures µ ϕ on I for which the supremum (1) sup µ∈M(f,I)
is attained, where h µ (f ) denotes the metric entropy and M(f, I) is the class of all f -invariant Borel probability measures on I. According to the classical variational principle of statistical physics the above supremum is equal to the topological pressure P (ϕ) of ϕ. For a smooth one-dimensional map f of a compact interval I with critical points the "natural" class of potential functions should include functions which are not necessarily continuous, for instance, the function ϕ(x) = − log |df (x)| that is unbounded at critical points. Allowing noncontinuous potential functions changes the setup, in particular reducing the class of invariant measures under consideration. It also raises the question of adapting the notion of topological pressure to this new setup and establishing an appropriate version of the variational principle (we refer the reader to [Mum07] for a discussion of these problems).
In this paper we are concerned with existence and uniqueness of equilibrium measures. Such measures were constructed by Bruin and Keller (see [BK98] ) for one-dimensional S-unimodal maps satisfying the Collet-Eckmann condition and for the potential function ϕ t (x) = −t log |df (x)| with t close to 1. We allow a broader class of maps (even multidimensional) admitting inducing schemes and more potential functions. The price to pay is that the supremum in (1) may have to be taken over invariant measures which satisfy some additional liftability requirements (see below for more details). Let us emphasize that we develop the thermodynamical formalism for the restriction of the map f to some invariant set X ⊆ I which may be a proper subset of I and hence allow only invariant measures for which X is a set of positive measure.
Systems to which our methods apply include maps corresponding to a positive Lebesgue measure set of parameters in any transverse family of unimodal maps and potential functions ϕ t (x) with t ∈ [t 0 , t 1 ) for some t 0 ≤ 0 < 1 < t 1 . In this particular case (and under the negative Schwarzian derivative assumption) we show that the supremum in (1) can be taken over all f -invariant probability measures, thus extending the results of [BK98] to the parameters under consideration. Our methods also apply to certain one-dimensional multimodal maps for the potentials ϕ t (x) with t close to 1, as well as to the higher-dimensional nonuniformly hyperbolic systems which admit Young's towers and to the potential functions ϕ t (x) = −t log |Jac(df |E u (x))| with t close to 1 (here E u (x) is the unstable subspace at the point x; see Section 10). Structure of the paper. In the first part of the paper we describe an abstract inducing scheme for a continuous map f of a compact metric space. Such a scheme represents f , restricted to some invariant subset X ⊂ I, as a tower over (W, F, τ ) where F is the induced map acting on the inducing domain W ⊂ I and τ is the inducing time which is a return time to W but is not necessarily the first return time to W . A formal description of general inducing schemes is given in Section 2 (see also Sections 5 and 10). We stress that the base of the tower W can be a Cantor-like set and thus can have a complicated topological structure. An important feature of the inducing scheme is that F admits a countable generating Bernoulli partition and is thus equivalent to the full shift on a countable set of states.
At this point one should distinguish the two cases when F is equivalent to the one-sided or two-sided full shift. The former case arises for inducing schemes constructed for some non-invertible maps such as unimodal or multimodal maps as well as some expanding maps while the latter case corresponds to towers for invertible maps such as the one considered in Section 10.
An F -invariant measure ν on W with integrable inducing time (i.e., W τ dν < ∞) can be lifted to the tower thus producing an f -invariant measure µ = π(ν) -the lift of ν. Our thermodynamical formalism only allows f -invariant measures µ on I that can be lifted. By Zweimüller [Zwe04] , a measure µ on the tower is liftable if it has integrable inducing time (i.e., I τ dµ < ∞). The measure ν for which µ = π(ν) is called the induced measure for µ and is denoted by i(µ).
The liftability property is very important. In particular, using this property we will derive Abramov's and Kac's formulas that connect the entropy of the original map f and the integral of the original potential ϕ (with respect to the lifted measures) with the entropy of the induced map F and the integral of the induced potential functionφ : W → R (with respect to the induced measures; see Section 2).
In Section 3 we state some results on existence and uniqueness of Gibbs (and equilibrium) measures for the one-sided Bernoulli shift (hence, for the induced map F ) and for the induced potential; see Sarig [Sar03, Sar99] and also Mauldin and Urbański [MU01] , Aaronson, Denker and Urbanski [ADU93] , Yuri [Yur99] and Buzzi and Sarig [BS03] . In Section 10 we discuss the corresponding results for the twosided Bernoulli shift (and hence for the corresponding induced map).
In Section 4 we introduce a set of conditions on the potential functions ϕ which ensure that the corresponding induced potential functions ϕ possess unique equilibrium measures with respect to the induced system. Our main result is that the lift of the equilibrium measure for the induced system is indeed the equilibrium measure for the original system. This is done by studying the lift of a "normalized" potential cohomologous to ϕ. Finally, following [You98] , we describe a condition on the potential function ϕ which allows one to transfer results on ergodic properties of equilibrium measures for the induced system (including exponential decay of correlations and the Central Limit Theorem) to the original system.
In the second part of the paper we apply our results to effect thermodynamical formalism for some one-dimensional maps. First, we present some additional conditions on the inducing schemes namely bounded distortion and control of the "size of the tail" and of the growth of the number of partition elements (see Section 5). These conditions are used in Section 6 where we apply our results to one-dimensional maps and to the important family of potential functions ϕ t (x) with t in some interval (t 0 , t 1 ), t 0 < 1 < t 1 . We establish existence and uniqueness of equilibrium measures (in the space of liftable measures). We also show how a sufficently small exponential growth rate of the number S(n) of the partition elements of a given inducing time n allows one to choose t 0 ≤ 0 and hence to establish existence and uniqueness of the measure of maximal entropy (again within the class of liftable measures). Our approach also provides a new way of establishing the existence and uniqueness of the absolutely continuous invariant measure for f as the equilibrium measure corresponding to the function ϕ 1 .
We then proceed with examples of one-dimensional maps admitting inducing schemes -unimodal maps from a positive Lebesgue measure set of parameters in a transverse one-parameter family (see Section 7) and certain families of multimodal maps introduced by Bruin, Luzzatto and van Strien [BLVS03] (see Section 8). In particular, for unimodal maps and for the parameters under consideration, we show that the inducing scheme of [Yoc97, Sen03] satisfies the slow growth rate condition on the number of partition elements thus proving existence and uniqueness of equilibrium measures for the potential function ϕ t for any t ∈ (t 0 , t 1 ) with [0, 1] (t 0 , t 1 ). Applying results in [Sen03] and [Bru95] we also show that, under the negative Schwarzian derivative assumption, this measure is a unique equilibrium measure with respect to all (not only liftable) invariant measures, thus extending the results of Bruin and Keller [BK98] . In particular, this also proves existence and uniqueness of the measure of maximal entropy (first established by Hofbauer [Hof79] , [Hof81] using different methods).
In the third part of the paper we consider a special class of higherdimensional smooth nonuniformly hyperbolic systems as described in [You98] . We are interested in the family of potential functions ϕ t (x) = −t log | det(df |E u (x))| for t ∈ R which are bounded but are not continuous. Observe that the equilibrium measure µ 1 corresponding to ϕ 1 (x) is a Sinai-Ruelle-Bowen (SRB) measure for f . We review the Young's tower construction [You98] and show how to adapt our approach to this multidimensional setting. The main result of Section 10 is that for a diffeomorphism f admitting Young's tower there is an interval (t 0 , t 1 ), t 0 < 1 < t 1 such that the function ϕ t possesses a unique equilibrium measure (within the class of liftable measures). We also describe ergodic properties of equilibrium measures.
Due to the shear number of examples admitting Young's tower construction, we merely mention a few references where the delicate question of constructing this tower is carried out. Examples include: piecewise hyperbolic maps (such as Lozi attractors), many billiard maps (see also [CY00] ), Hénon-type maps (see [BY00] ) and some axiomatic generalizations thereof (see [WY01] ), some partially hyperbolic diffeomorphisms with a mostly contracting central direction (see [dCJ02] , [Dol00] ) to quote only some. Part I: General Inducing Schemes.
Inducing Schemes of Expanding Type and Their Properties
Let f : I → I be a continuous map of a compact topological space I, S a countable collection of disjoint Borel sets and τ : S → N a positive integer-valued function. Define the inducing domain by
Let J denote the closure of the set J. We say that f admits an inducing scheme {S, τ } if the following conditions hold: (H1) for each J ∈ S there exists a neighborhood U J of J such that f τ (J) |U J is a homeomorphism onto its image and f τ (J) (J) ⊆ W ; (H2) each set J is open in the induced topology of W and the partition R of W induced by the sets J ∈ S is generating in the following sense: for any countable collection of elements {J k } k∈N , the intersection
is not empty and consists of a single point, where
Define the induced map F : W → W by
and set
The set X is forward invariant under f . Conditions (H1) and (H2) allow one to obtain a symbolic representation of the induced map F via the Bernoulli shift on a countable set of states. Consider the full shift of countable type (S N , σ) where S N is the space of one-sided infinite sequences with elements in S and σ is the (left) shift on S N , (σ(a)) k := a k+1 for a = (a k ) k≥0 . Define the coding map h : S N → W by h((a k ) k∈N ) := x where x is such that x ∈ J a 0 and 
Proof. By (H2), given a = (a k ) k≥0 , there exists a unique point x ∈ I such that h(a) = x. It follows that h is well-defined. Moreover, given x ∈ W , there is a unique a = (a k ) k≥0 such that
It follows that W ⊂ h(S N ) and that h is one-to-one on h −1 (W ). Clearly, σ|h −1 (W ) and F |W are conjugate via h. By (H2), for any a = (a k ) k≥0 the sets
form the basis of topology at x. This implies that h is continuous and indeed is a topological conjugacy between σ|h −1 (W ) and F |W . Finally, given J ∈ S, there is a cylinder
On the other hand, F (J) ⊂ W and hence,
In what follows we require the following condition, which guarantees that the set h −1 (W ) is "large" within S N :
We shall see later that this condition allows one to transfer shift invariant measures on S N which give positive weight to open sets (in particular, Gibbs measures) to measures on W invariant under the induced map.
Let M(F, W ) denote the set of F -invariant ergodic Borel probability measures on W and M(f, X) the set of f -invariant ergodic Borel probability measures on X. For any ν ∈ M(F, W ) set
If Q ν < ∞ we define the lifted measure π(ν) on I in the following way (see for instance [dMvS93] ): for any measurable set E ⊆ I,
The following result is immediate.
We consider the class of measures
We call a measure µ ∈ M L (f, X) liftable. It follows from Proposition 2.2 that ν is uniquely defined. We call ν the induced measure for µ and we write ν := i(µ). Observe that Q ν < ∞ for any µ ∈ M L (f, X). For ϕ : I → R we define the induced function ϕ : W → R by
Although the induced map F may not be the first return map, Abramov's formula, connecting the entropies of F and f and Kac's formula connecting the integrals of ϕ and ϕ, still hold (see [Zwe04] , for related results see Keller [Kel89] ).
Theorem 2.3 (Abramov's and Kac's Formulae).
If W ϕ dν is finite then
Proof. For the proof of Abramov's formula we refer to [Zwe04] . To prove Kac's formula, using the definition of π(ν) we get
The desired result follows.
We now wish to prove that the space of liftable measures M L (f, X) is non-empty. To this end we observe that
and, if X ϕ dµ is finite, then
Proof. By Zweimüller [Zwe04] (see also Bruin [Bru95] for related results) there exists a measure i(µ) ∈ M(F, W ) such that i(µ) is absolutely continuous with respect to µ, Q i(µ) < ∞, and π(i(µ)) = µ. Therefore, µ ∈ M L (f, X). To prove the other claims apply Theorem 2.3 to the measure i(µ). Since h µ (f ) < ∞ for a continuous map f of a compact topological space and π(i(µ)) = µ, we get
If X ϕ dµ is finite, we get
This completes the proof of the theorem.
Thermodynamics Of Subshifts of Countable Type
Consider the full shift σ on S N and let Φ : S N → R be a continuous function (with respect to discrete topology on S N ). The n-variation V n (Φ) is defined by
where the cylinder set
The Gurevich pressure of Φ is defined by
where b ∈ S, 1 [b] is the characteristic function of the cylinder [b] and
It can be shown (see [Sar99] , [Sar01b] ) that if n≥2 V n (Φ) < ∞ then the limit in (3) exists, does not depend on b, is never −∞ and
A measure ν = ν Φ is called a Gibbs measure for Φ if there exist constants C 1 > 0 and C 2 > 0 such that for any cylinder set [b 0 , . . . , b n−1 ] and any
Consider the class M(σ) of σ-invariant ergodic Borel probability measures on S N and set
A σ-invariant measure ν Φ is said to be an equilibrium measure for Φ (with respect to the class of measures M Φ (σ)) if
Note that unlike the classical case of subshifts of finite type the supremum above is taken only over the (restricted) class of measures ν for which − S N Φ dν < ∞.
A σ-invariant Gibbs measure ν for Φ is an equilibrium measure
The following results establish the variational principle, existence and uniqueness of Gibbs and equilibrium measures for the full shift of countable type and for a certain class of potential functions. The proofs can be found in [MU01] , [Sar99] , [Sar01a] , [Sar03] (see also [Aar97] , [ADU93] and [BS03] ).
Proposition 3.1. Assume that the potential Φ is continuous and that sup ω∈S N Φ < ∞. The following statements hold.
If n≥2
V n (Φ) < ∞, then the variational principle for Φ holds:
and it is the unique Gibbs and equilibrium measure.
Observe that a Gibbs measure ν Φ is ergodic and positive on every non-empty open set.
In order to describe some ergodic properties of equilibrium measures let us recall some definitions. A continuous transformation T has exponential decay of correlations with respect to an invariant Borel probability measure µ and a class H of functions if there exists 0 < θ < 1 such that, for any h 1 , h 2 ∈ H,
The transformation T satisfies the Central Limit Theorem (CLT) for functions in H if for any h ∈ H which is not a coboundary (i.e., h = g • T − g for any g) there exists γ > 0 such that
The following statement describes ergodic properties of the equilibrium measure ν Φ and is a corollary of the well-known results by Ruelle [Rue78] (see also [Aar97] and [Liv96] ).
Proposition 3.2. Assume that Φ is continuous, P G (Φ) < ∞, that sup ω∈S N Φ < ∞ and that there exist A > 0 and 0 < r < 1 such that for all n ≥ 1,
If h ν Φ (σ) < ∞ then the measure ν Φ has exponential decay of correlations and satisfies the CLT with respect to the class of Hölder continuous functions.
Thermodynamics Associated with an Inducing Scheme
4.1. Classes of measures and potentials. Let f be a continuous map of a compact topological space I admitting an inducing scheme {S, τ } satisfying conditions (H1)-(H3) as described in Section 2. Let also ϕ : X → R be a potential function, ϕ its induced function, and M L (f, X) the class of liftable measures. We write
and we call a measure µ ϕ ∈ M L (f, X) an equilibrium measure for ϕ (with respect to the class of measures
Let us stress that our definition of equilibrium measures differs from the classical one as we only allow liftable measures which give full weight to the noncompact set X. Note that in general s ϕ may not be finite and so we will need to impose conditions on the potential function in order to guarantee the finiteness of s ϕ .
While dealing with the class of all f -invariant ergodic Borel probability measures M(f, I), depending on the potential function ϕ, one may expect the equilibrium measure µ ϕ to be either non-liftable or to be supported outside of the tower, i.e, µ ϕ (X) = 0. In [PZ06a] , an example of a one-dimensional map of a compact interval is given which admits an inducing scheme {S, τ } and a potential function ϕ such that there exists a unique equilibrium measure µ ϕ for ϕ (with respect to the class of measures M(f, I)) with µ ϕ (X) = 0. The liftability problem is addressed in [PZ06b] where some characterizations of and criteria for liftability are obtained. Let us point out that nonliftable measures may exist and the liftability property of a given invariant measure depends on the inducing scheme. For certain interval maps, for instance, one can construct different inducing schemes over the same base such that a measure with positive weight to the base is liftable with respect to one of the schemes but not with respect to the other (see [PZ06b] , also [Bru95] ). In Sections 7 and 8 we discuss liftability for unimodal and multimodal maps satisfying the Collet-Eckmann condition. In these particular cases we show that every measure in M(f, X) is liftable.
Two functions ϕ and ψ are said to be cohomologous if there exists a bounded function h and a real number C such that ϕ−ψ = h•f −h+C. An equilibrium measure for ϕ is also an equilibrium measure for any ψ cohomologous to ϕ. In particular, if ϕ satisfies the conditions of Theorem 4.5 below, then there exists a unique equilibrium measure for any ψ cohomologous to ϕ regardless of whether ψ satisfies these conditions or not.
4.2. Gibbs and equilibrium measures for the induced map. In order to prove the existence of a unique equilibrium measure ν ϕ for the induced map F we impose some conditions on the induced potential function ϕ.
Consider the function Φ := ϕ • h on S N where h is the coding map (see Proposition 2.1) and ϕ is the induced potential.
Denote by
We call a measure ν ϕ on W a Gibbs measure for ϕ if the measure (h −1 ) * ν ϕ is a Gibbs measure for the function Φ. We call ν ϕ an equilibrium measure for ϕ (with respect to the class of measures
We say that the potential ϕ 
Proof. By Proposition 2.1, there is a periodic orbit for F in W and hence a periodic orbit for f in X. For the Dirac measure on that orbit we have that X ϕ dµ > −∞. Since 0 ≤ h µ (f ), we conclude that
For every µ ∈ M L (f, X) there exists a measure i(µ) ∈ M(F, W ) with Q i(µ) < ∞ and by Theorem 2.3,
Since ϕ has summable variations and finite Gurevich pressure (and is thus bounded from above), Proposition 3.1 and (8) imply that −∞ < W ϕ di(µ) < ∞ and, by Theorem 2.3,
If s ϕ is non-positive the upper bound is immediate. If s ϕ is positive, using the fact that 1 ≤ Q i(µ) < ∞, we get
where the first equality follows from the fact that s ϕ cannot be achieved by a measure with
would imply s ϕ = −∞ contradicting the lower bound established above.
When s ϕ is finite we denote the induced function for ϕ − s ϕ by 
Proof. The function ϕ is continuous on W since it has summable variations. Note that the inducing time τ is constant on elements J ∈ S. It follows that the function ϕ + is also continuous on W and has summable variations. Since ϕ is continuous and has finite Gurevich pressure, it also has a bounded supremum. So Proposition 3.1 applies, proving the existence of a σ-invariant ergodic Gibbs measure for Φ + . As a Gibbs measure must give positive weight to cylinders, it cannot be supported on S N \ h −1 (W ) due to Condition (H3) and the first statement follows. For an f -invariant Borel probability measure µ, we have 0 ≤ h µ (f ) < ∞. Theorem 2.3 and the assumption Q ν ϕ + < ∞ imply h ν ϕ + (F ) < ∞. The second statement then follows from Proposition 3.1.
Lifting Gibbs measures.
We now describe a condition on the induced function ϕ which will help us prove that the natural candidatethe lifted measure µ ϕ = π(ν ϕ + ) constructed in Theorem 4.3 -is indeed an equilibrium measure for ϕ.
We say that the induced function ϕ is positive recurrent if there exists ε 0 > 0 such that for any 0 ≤ ε ≤ ε 0 the function
has finite Gurevich pressure. Proof. Since ϕ is positive recurrent, the function ϕ + has finite Gurevich pressure. By Theorem 4.3, the measure µ ϕ is well defined and belongs to M L (f, X). We show that P G (Φ + ) = 0 and that µ ϕ is the unique equilibrium measure (with respect to the class of measures M L (f, X)). As h µϕ (f ) + X (ϕ − s ϕ ) dµ ϕ ≤ 0 and Q ν ϕ + ∈ [1, ∞), Proposition 3.1 and Theorem 2.3 imply
On the other hand, for every ε > 0 there is µ ∈ M L (f, X) such that
Since Q i(µ) is strictly positive for all µ, Theorem 2.3 gives
As Q ν ϕ + ∈ [1, ∞), the µ ϕ is an equilibrium measure for ϕ (for the class of measures M L (f, X)). Unicity (over this class) follows from the unicity of ν ϕ + .
4.4.
Conditions on the potential function ϕ. Verifying the hypotheses of Theorems 4.4 and 4.6 may be intricate. Additional conditions on the induced potential ϕ can help us check them. More precisely, we assume the following conditions on ϕ: (P1) there exist A > 0 and 0 < r < 1 such that Proof. The proof will follow from Theorem 4.4 if we prove that the induced potential ϕ satisfies its assumptions. By Condition (P1), the induced potential function ϕ is continuous on W and has summable variations. Proposition 2.1 implies that given any cylinder [b 0 , . . . , b n−1 ], there exists a unique x in the closure of
thus proving that ϕ has finite Gurevich Pressure. Together with Theorem 4.2 this implies the finiteness of s ϕ , and so Conditions (P1) and (P3) (with ε = 0) imply that the induced potential ϕ + corresponding to the "normalized" potential ϕ−s ϕ has summable variations and finite Gurevich pressure. By Theorem 4.3, there exists a Gibbs measure ν ϕ + for ϕ + on W . By (4), there exist C 1 , C 2 > 0 such that for every J ∈ S and x ∈ J, (10)
where P = P G (Φ + ) is the Gurevich pressure of Φ + . Summing (10) over all J ∈ S and using Condition (P3) we get
is the unique equilibrium measure (with respect to the class of measures M L (f, X)).
4.5. Ergodic properties. In order to describe some ergodic properties of equilibrium measures we introduce another condition on the induced potential. We say that ϕ is locally Hölder continuous if there exist A > 0 and 0 < r < 1 such that (6) holds for all n ≥ 1, i.e., V n (Φ) ≤ Ar n where Φ =φ • h and h is the conjugacy map.
We say that an equilibrium measure ν ϕ + has exponential tail if there exist K > 0 and 0 < θ < 1 such that for all n > 0, 
and the measure µ ϕ is the unique equilibrium measure by Theorem 4.4. The statement then follows from Theorem 3.2 and results of Young in [You98] .
Part II: Applications to One-dimensional Maps.
Inducing Schemes with Exponential Tail and Bounded Distortion
In this section we apply the above results to effect the thermodynamical formalism for C 1 maps f of a compact interval I that admit inducing schemes {S, τ }. We shall study equilibrium measures corresponding to the special family of potential functions ϕ t (x) = −t log |df (x)| where t runs in some interval of R. We shall show that ϕ t (x) satisfies Conditions (P1)-(P4) of Part I for t in some interval (t 0 , t 1 ) provided that the inducing scheme sstisfies some additional properties, namely an exponential bound on the "size" of the partition elements with large inducing time, bounded distortion and a bound on the cardinality of partition elements with given inducing time.
In Part III we will present some examples of systems which admit such inducing schemes.
Denote the Lebesgue measure of J by |J|. We assume that (H4) Exponential tail : there exist constants c 1 > 0 and λ 1 > 1 such that for all n ≥ 0, 
Proof. The first inequality follows from (H4), the second one from (H5) and the Mean Value Theorem and third from the fact that the derivative is continuous and hence bounded on the compact space I. such that c 5 = 1.
Theorem 5.3. Assume that f admits an inducing scheme {S, τ } satisfying Conditions (H1)-(H5). Then for any measure
Proof. By Corollary 5.1, we have that for every J ∈ S and any x ∈ J,
For any µ ∈ M L (f, X) integrating (11) against i(µ) over J and summing over all J ∈ S yields
By Theorem 2.4, we have
and the statement follows since Q i(µ) is positive.
As an immediate corollary of the this result we obtain the following statment.
Corollary 5.4. Assume that f admits an inducing scheme {S, τ } satisfying Conditions (H1)-(H5). Then for any ergodic measure
Proof. It suffices to notice that λ(µ) = X log |df | dµ and use Theorem 5.3.
Denote by S(n) := Card{J ∈ S | τ (J) = n}. Condition (H4) and Corollary 5.1 imply that (12) S(n) ≤ c 6 γ n for some 1 ≤ γ ≤ λ 3 λ 1 and c 6 = c 6 (γ) > 0. A better control of the growth rate of S(n) is useful and may be obtained for instance, for certain unimodal maps (see Section 7).
Equilibrium Measures For Potentials −t log |df (x)|
We now apply the results of the previous sections to the family of potential functions ϕ t (x) = −t log |df (x)|, x ∈ I for t ∈ R. The corresponding induced potential is
Given c ∈ R, we also consider the shifted potential ξ c,t := ϕ t + c and its induced potential
Theorem 6.1. Assume that f admits an inducing scheme {S, τ } satisfying Conditions (H1)-(H5). Then the following statements hold:
1. for every c, t ∈ R the function ξ c,t (x) satisfies Condition (P1);
2. for every t ∈ R there exists c t such that for every c < c t the potential ξ c,t (x) satisfies Condition (P2); moreover, s t := s ϕt is finite for all t ∈ R; 3. there exist t 0 = t 0 (λ 1 , λ 3 , γ) < 1 and t 1 = t 1 (λ 1 , λ 3 ) > 1 such that ξ c,t (x) satisfies Condition (P3) for every t 0 < t < t 1 and every c ∈ R (the number γ is defined in (12)); moreover, if γ ≤ λ 1 then t 0 ≤ 0.
Proof. To prove the first statement we use Condition (H5): for any c, t ∈ R, n > 0, any cylinder [b 0 , . . . , b n−1 ], and any x, y ∈ I [b 0 ,...,b n−1 ] , we have
for some constant c 2 > 0, thus proving the first statement.
To prove the second statement observe that
Consider the following three cases: Case I: t ≥ 1. By Condition (H4) and Corollary 5.1, we obtain
For these values of t the function x t is concave down, so Jensen's inequality together with Condition (H4) and Corollary 5.1 yield
n < ∞ provided c < t log λ 1 − (1 − t) log γ, where γ and c 6 are defined in (12). Case III: t ≤ 0. We have
n < ∞ provided c < t log λ 3 − log γ < 0. Hence, we set 
Proof. By the Margulis-Ruelle inequality, we have for any f -invariant measure µ,
log |df | dµ and hence, s 1 ≤ 0. To show the opposite inequality note that each J ∈ S contains a unique fixed point of F by Conditions (H1) and (H2). By Corollary 5.1, for any interval J ∈ S we have that
.
Since ϕ 1 = − log |dF |, we obtain
By Proposition 3.1, given ε > 0, there exists ν ∈ M ϕ 1 (F, W ) such that
We have −∞ < W ϕ 1 dν < ∞, since ν ∈ M ϕ 1 (F, W ) and s 1 ≤ 0. In view of Corollary 5.1, this implies Q ν < ∞, hence, π(ν) ∈ M L (f, X). By Theorem 2.3,
As ε is arbitrary, s 1 ≥ 0 and we conclude that s 1 = 0. Now observe that
and the desired result follows from Theorem 5.3.
To prove the last statement of Theorem 6.1, observe that
Set t 1 := log λ 3 (log λ 3 λ 1 ) −1 > 1. To prove the finiteness of T t , consider the following three cases: Case I: 1 ≤ t < t 1 . Then −t log λ 1 − s t < 0 and Condition (H4) and Corollary 5.1 yield
Case II: 0 ≤ t ≤ 1. Jensen's inequality yields
This proves the statement for 1 −
is negative so Condition (P3) is satisfied for all values of 0 ≤ t ≤ 1. In this case t 0 is defined as below.
Case III: t ≤ 0. Then
for all 0 ≤ ε < − log γ + t log λ 3 + s t =: ε 0 . By Lemma 6.2, ε 0 is positive provided
We now establish existence and uniqueness of equilibrium measures.
Theorem 6.3. Let f be a C 1 map of a compact interval admitting an inducing scheme {S, τ } satisfying Conditions (H1)-(H5) . There exist constants t 0 and t 1 with t 0 < 1 < t 1 such that for every t 0 < t < t 1 there exists a measure µ t ∈ M L (f, X) which is the unique equilibrium measure (with respect to the class of measures M L (f, X)) for the function ϕ t = −t log |df |. (f, X) ).
Proof. The statements on existence and uniqueness follow directly from Theorems 4.5 and 6.1. For the ergodic properties, we only need to prove that the potential ϕ t (x) has exponential tail with respect to the measure i(µ t ) = ν ψ t where ψ t := ϕ t − s t (see Condition (P4)). By Theorem 6.1, ψ t = ξ + c,t satisfies Condition (P3) for every t 0 < t < t 1 . As i(µ t ) is a Gibbs measure there exist constants c 7 > 0, K > 0, and 0 < θ < 1 such that
The statement now follows from Theorem 4.6.
We conclude this section with the following statement. Then there exist a > 0 and b > 0 such that measures µ ∈ M(f, I) with h µ (f ) = 0 cannot be equilibrium measures for ϕ t with a < t < 1 + b.
Proof. Assume the contrary: let µ ∈ M(f, I) with h µ (f ) = 0 be an equilibrium measure for ϕ t . For t > 0
On the other hand, s t ≥ s 1 = 0 for 0 ≤ t ≤ 1 which leads to a contradiction. By continuity, there exists b > 0 such that the statement also holds for 1 ≤ t < 1+b. Since I is compact, the Lyapunov exponent of a C 1 map f is bounded from above and the same reasonning leads to a contradiction for t > −a for some positive a.
Remark 6.5. Similar results can be obtained for other families of potential functions. For instance, φ t (x) = −(τ (x)
t ) or φ t (x) = t log |J| for x ∈ J ⊂ W 0 otherwise for t ∈ (t 0 , t 1 ) for some t 0 < 1 < t 1 .
Unimodal Maps
When looking for examples illustrating our theory, we may choose to stress two different points of view: on the one hand one can strive for the largest possible set of functions which admit a unique equilibrium measure; on the other hand, one might be interested in obtaining as many potentials as possible. For unimodal maps we will give examples in both directions.
Let
] be a C 3 interval map with exactly one nonflat critical point (without loss of generality assumed to be 0). Assume f (x) = ±|θ(x)| l + f (0) for some local C 3 diffeomorphism θ and some 1 < l < ∞ (the order of the critical point). Such a map f is called unimodal if 0 ∈ (b 1 , b 2 ), the derivative df /dx changes signs at 0 and f (b 1 ), f (b 2 ) ∈ {b 1 , b 2 }. An S-unimodal map is a unimodal map with negative Schwarzian derivative (for details see for instance [dMvS93] ). By [GS05] (see also [Koz00] ) this assumption may generally be dropped.
We first pursue the objective of obtaining examples of unimodal functions which admit a unique equilibrium measure for −t log |df | for the largest class of t ∈ R. In order to deal with these cases, we now describe the inducing scheme constructed in [Yoc97] , [Sen00] , [Sen03] and show that it satisfies Conditions (H1)-(H5) and prove that γ < λ 1 for the bound on S(n). Observe that these results hold for a set of parameters of positive Lebesgue measure (as opposed to full measure as in the case of Collet-Eckmann parametes below). Our presentation follows [Sen03] .
For any x ∈ [b 1 , b 2 ], x = 0 there exists a unique point denoted by −x = x with f (x) = f (−x). If f is symmetrical with respect to 0, the minus symbol corresponds to the minus sign in the usual sense. Note that −b 1 = b 2 so without loss of generality, we may assume that the fixed boundary point is b := b 2 > 0 and f : I := [−b, b] → I. If there are no non-repelling periodic cycles there exists another fixed point α with f ′ (α) < −1 and 0 ∈ (α, b). Set α 0 = α and let α n denote the unique point in (−b, α) for which f (α n ) = −α n−1 . When it exists, the unique point in [α, 0] with f (α n ) = α n−1 is denoted byα n . Since b is repelling, lim
Denote by Q the collection of maximal regular intervals which are strictly contained in A and set
Note that W is the maximal F -invariant subset in W. We define
We introduce the set of parameters A under consideration. Let
where M and ρ are constants such that log 2 N 0 < M < 2 3 N 0 and
We call a one-parameter family of unimodal maps {f a } (which depends smoothly on the parameter) transverse in the neighborhood of a parameter a * provided
where χ(a) is the continuation of the point x * := χ(a * ) := f a * (0) (see [TTY94] for more details). Proof. The set of strongly regular parameters has positive Lebesgue measure in the quadratic family. The same proof also applies to the general unimodal case. Condition (H1) follows from the definition of S, and Condition (H2) holds since the induced map F (or at least some iterate) is expanding. For strongly regular parameters In order to estimate the number S(n) of elements J ∈ S with τ (J) = n we need additional information on the partition R (see Condition (H2)): it follows from [Sen03, Proposition 2.2] that the partition elements of higher order are preimages of partition elements of lower orders. For strongly regular parameters we obtain a bound on S(n) by induction.
Denote by J(k) the maximal regular interval containing F k (0) and by B(k) the regular interval containing F (0) for which f
is a boundary point. Denote byÂ(k) the largest interval containing 0 for which f
(∂Â(k)), and + 1) ) has two monotone branches, for any element J ∈ S and any k ∈ N, the setÂ(k) \ int(A(k + 1)) contains at most two intervals of
is J. For strongly regular parameters, Proposition 2.6 of [Sen03] implies that for any interval
−1 M⌋ and 1 ≤ τ (J ′ ) < ρk otherwise (the brackets ⌊·⌋ denote the integer part). Since all intervals of K k have different order, we have that Card(K k ) ≤ max{1, ρk}. Proof. First observe that S(n) = 0 for n ∈ {0, 1,
since N 0 − 1 + 2i ≤ N i and 2γ
7.1. The liftability property of unimodal maps. We now show that in the particular case of unimodal maps f satisfying the ColletEckmann condition (in particular, those in a transverse family of unimodal maps that correspond to the strongly regular parameters) the equilibrium measure µ ϕt constructed in Theorem 6.3 is indeed the unique equilibrium measure for ϕ t with respect to the class of all f invariant measures M(f, X) (even M(f, I) in the case of strongly regular parameters). A unimodal map satisfies the Collet-Eckmann condition, if there exist constants c > 0 and ϑ > 1 such that for every n ≥ 0,
First we establish liftability of measures µ ∈ M(f, X) of positive entropy.
Theorem 7.3. Assume that µ ∈ M(f, X) and h µ (f ) > 0. Then there exists ν ∈ M(F, W ) with π(ν) = µ.
Proof. By [Hof79] , [Kel89] , any measure µ with h µ (f ) > 0 can be lifted to a measureμ on the Markov extension (also called Hofbauer-Keller tower). By [Bru95] the induced (Markov) map can be expressed as a first return map on the Markov extension for a natural inducing scheme. The latter is a scheme for which there exists no set E such that E ∩ J = ∅ and f k maps E monotonically onto A for any 0 < k < τ (J) and J ∈ S (this means that the inducing time is "as small as possible"). Maximality of the intervals of Q insure that the inducing scheme {S, τ } is natural. In the case where we need to consider a refinement of the inducing scheme (see Remark 5.2), the argument of [Bru95, Thm 6] can be easily adapted. Therefore, to any given invariant probability measure µ ∈ M(f, X) of positive entopy, we have µ(X) > 0 and there exists a measure ν ∈ M(F ) with Q ν < ∞ and π(ν) = µ.
We now use Theorem 6.4 and the fact that for any S-unimodal map f satisfying the Collet-Eckmann condition every invariant measure has positive Lyapunov exponent ([BK98, Proposition 3.1]) to show that measures of zero entropy cannot be equilibrium measures. Therefore the supremum in (7) can be taken over all measures in M(f, X) (in fact the union of M(f, X) with the set of measures of zero entropy).
Corollary 7.4. Let f be a S-unimodal maps satsifying the ColletEckmann condition. Then there exist t 0 < 1 < t 1 such that for every t 0 < t < t 1 any equilibrium measure µ t for the potential function
We now prove that, for strongly regular parameters, equilibrium measures must be supported on X by applying results of [Sen00, Sen03] . Proof. Assuming the contrary let ν be an invariant Borel measure with ν(W ) = 0. Consider the particular case when {f a } is the quadratic family. For strongly regular parameters we have that (see [Sen00] , [Sen03] ),
By [JŚ95] , f a is Hölder conjugated to a (strongly regular) quadratic map, so the estimates on the Hausdorff dimension still hold (possibly with modfication of a the constants). Therefore (16) also holds for any transverse one-parameter family of S-unimodal maps. Since ν is assumed to be an equilibrium measure, we have
where λ(ν) = λ a (ν) = I log |df a (x)| dν and s t,a = s ϕt is defined in (7). Choose 0 < δ < log λ 1 log λ 3
where λ 1 = λ 1 (a) and λ 3 = λ 3 (a) are defined in Section 5. By [You82] , Lemma 6.2, and Theorem 5.3, we have for
Note that t ′ 0 is negative. For t ≥ 1 we have that s ta ≥ (1 − t) log λ 3 by Theorem 6.2, so dim H ν ≥ 1. As N 0 can be chosen to be arbitrarily large the dimension of ν can be chosen to be arbitrarily small, leading to a contradiction.
We now summarize our results on unimodal maps, observing that they extend the results of [BK98] for the parameters under consideration. The proof follows from Theorems 6.3, 7.3 and 7.5. Theorem 7.6. Let {f a } be a transverse one-parameter family of Sunimodal maps and A the set of strongly regular parameters. Then for every a ∈ A one can find t 0 = t 0 (a), t 1 = t 1 (a) such that t 0 < 0 < 1 < t 1 and for every t 0 < t < t 1 there exists a unique equilibrium measure µ t,a for the function ϕ t,a (x) = −t log |df a (x)|, x ∈ I, i.e.,
where the supremum is taken over all f a -invariant Borel probability measures. The measure µ t,a is ergodic, has exponential decay of correlations and satisfies the CLT for the class of functions whose induced functions are Hölder continuous. In particular, there exists a unique measure µ 0,a of maximal entropy.
If the purpose is obtaining the largest class of functions admitting a unique equilibrium measure for ϕ t,a (x), we can consider the families of maps as studied by Avila and Moreira in [AM05, AM03] . Let us call a smooth (at least C 2 ) unimodal map proper if it has a quadratic critical point, is hyperbolic and its critical point is neither periodic, nor preperiodic. A family of unimodal maps is called non-trivial if the set of parameters for which the corresponding map is proper are dense. Avila and Moreira call "proper" maps "regular". We changed their terminology to avoid confusion with strongly regular parameters. Also, the families of maps {f a } may have any number of parameters. We then obtain the following result.
Theorem 7.7. Let {f a } be a non-trivial analytic family of S-unimodal maps. Then almost every non-proper parameter the corresponding map f a admits a unique equilibrium measure (with respect to the class M(f a , X)) for the potential ϕ t,a (x) for all t 0 < t < t 1 where t 0 = t 0 (a) < 1 and In this case, however, we do not know how to deal with measures µ of positive entropy which do not detect the inducing scheme, i.e., µ ∈ M(I, f a ) \ M(X, f a ). Also, we do not know of any way to control the growth rate γ of S(n) in Equation (12) in such a way as to allow us to extend the class of potentials to include measures of maximal entropy.
Multimodal Maps.
We follow [BLVS03] . Consider a C 3 interval or circle map f with a finite critical set C and no stable or neutral periodic point. In addition, assume that all critical points have the same finite critical order ℓ ∈ (1, ∞). This means that for each c ∈ C there exists a diffeomorphism ψ : R → R fixing 0 such that for x close to c we have
where ± may depend on the sign of x − c. Assume (as in [BLVS03] ) that
Assume also that there exists a sequence {γ n } n∈N , γ n ∈ (0, 1 2 ) with n γ n < ∞ and
holds for some β > 0, each c ∈ C and n ≥ 1. Let X be the biggest closed f -invariant set of positive Lebesgue measure. This set can be decomposed into finitely many invariant subsets X i on which f is topologically transitive. Observe that the distortion bounds in [BLVS03] are stronger than our Condition (H5).
Theorem 8.2. Let f be a multimodal map satisfying (17) and (18). Then for every tower X i there exist t 0 < 1 < t 1 such that for every t 0 < t < t 1 one can find a unique equilibrium measure µ t,i on X i for the function ϕ t = −t log |df | with respect to the class of measures M(f, X i ). 
Inducing Schemes of Hyperbolic Type
Inducing schemes introduced in Section 2 are used to study some one-dimensional maps (e.g., unimodal and multimodal maps). In these schemes the induced map is modeled by the one-sided Bernoulli shift on a countable set of states. On the other hand inducing schemes arising in the study of (uniformly or nonuniformly) hyperbolic systems in higher dimensions are different: the induced map in this case is modeled by the two-sided Bernoulli shift on a countable set of states. This difference is somewhat technical and in this section we briefly describe the corresponding inducing schemes and point out the necessary changes.
Let f : I → I be a continuous map of a compact topological space I, S a countable collection of disjoint Borel sets and τ : S → N a positive integer-valued function. Let W := J∈S J be the inducing domain and
the inducing time. We assume that the following conditions hold:
(H1') for each J ∈ S there exists a neighborhood U J of J such that f τ (J) |U J is a homeomorphism onto its image and f τ (J) (J) ⊆ W ; (H2') each set J is open in the induced topology of W and the partition R of W induced by the sets J ∈ S is "two-sided" generating: for any countable collection of elements {J k } k∈Z , the intersection
consists of a single point, where
Conditions (H1') and (H2') allow one to obtain a symbolic representation of the induced map F via the Bernoulli shift on a countable set of states. Consider the full shift of countable type (S N , σ) where S Z is the space of two-sided infinite sequences with elements in S and σ the (left) shift on S Z . Define the coding map h :
where x ∈ J a 0 and for In what follows we require the following condition.
(H3') the set
The results of Section 3 on the thermodynamics of the one-sided Bernoulli shift can be easily extended to the two-sided Bernoulli shift (see [Zha] for details). More precisely, given a continuous function Φ : S Z → R one defines the n-variation V n (Φ) and the Gurevich pressure P G (Φ) for Φ as well as Gibbs and equilibrium measures for Φ as in Section 3.
Proposition 9.2. Assume that the potential Φ is continuous and that sup a∈S Z Φ < ∞. The following statements hold.
(1) If n≥2 V n (Φ) < ∞ then the variational principle for Φ holds:
(2) If n≥1 V n (Φ) < ∞ and P G (Φ) < ∞ then there exists an ergodic σ-invariant Gibbs measure ν Φ for Φ. If in addition, the entropy h ν Φ (σ) < ∞ then ν Φ ∈ M Φ (σ) and is a unique Gibbs and equilibrium measure.
Results of Sections 2 and 4 can now be readily extended to inducing schemes satisfying Conditions (H1')-(H3'). In particular, we have the following results (see [Zha] for details). Let ϕ : I → R be a potential function, ϕ the corresponding induced potential on W , ϕ + = ϕ − s ϕ , and the set X is given by (2). We now wish to show how our theory applies to some multidimensional nonuniformly hyperbolic systems. Consider a C 1+α diffeomorphism f of a compact smooth Riemannian manifold M. Following [You98] we impose some conditions on f allowing one to represent it as a tower.
An embedded C 1 disk γ ⊂ M is called unstable if for any x, y ∈ γ we have d(f −n (x), f −n (y)) → 0 as n → ∞. It is called stable if d(f n (x), f n (y)) → 0 as n → ∞. A family of embeded disks Γ u = {γ u } is called a continuous family of C 1 unstable disks if there exists a homeomorphism Ψ :
with the following properties:
• K s is a compact set and D u is the unit disk of some R n ; • x → Ψ {x}×D u is a continuous map from K s to the space of C 1 embedded disks in M; • γ u = Ψ({x} × D u ) is an unstable disk.
Continuous families of C 1 stable disks are defined similarly. The set Λ ⊂ M is said to have a hyperbolic product structure if there exists a continuous family of unstable disks Γ u and a continuous family of stable disks Γ s such that
• the γ u -disks are transversal to γ s -disks by an angle uniformly bounded away from zero;
• each γ u -disks intersects each γ s -disk at exactly one point; • Λ = (∪γ u ) ∩ (∪γ s ).
In particular, Λ is a compact set. A subset Λ 0 of Λ is called an s-subset if it is defined by the same family Γ u of unstable disks as Λ and a subfamily Γ s (a) for y ∈ γ s (x),
det df u (f i (y)) ≤ cα n ;
(b) for γ, γ ′ ∈ Γ u , if Θ : γ ∩ Λ → γ ′ ∩ Λ defined by Θ(x) = γ s (x) ∩ γ ′ , then Θ is absolutely continuous and
We wish to show that a system satisfying Conditions (Y1)-(Y5) decribed above admits an inducing scheme as introduced in the previous section. To this end let S := {Λ i } i∈N , W = ∞ i=1 Λ i and define the inducing time τ : W → N as τ (x) = τ i . It is easy to see that Conditions (Y1)-(Y5) ensure that {S, τ } is an inducing scheme satisfying Conditions (H1') and (H2') and that the corresponding induced map F = f τ : W → W is topologically conjugated to a two-sided Bernoulli shift on a countable set of states S. Condition (H3') is an immediate corollary of (Y2a). Thus Theorems 9.3 and 9.4 apply and provide us with a class of potential functions which admit unique equilibrium measures with respect to the class of liftable measures M(f, Λ).
Moreover, using Conditions (Y1)-(Y5), one can show that the inducing scheme satisfies:
(H4') exponential tail : there exist constants c 1 > 0, λ 1 > 1 and γ ∈ Γ As an immediate corollary of these two properties of the inducing scheme we obtain the following result. This allows one to obtain straightforward generalizations of results in Sections 5 and 6 to this multidimensional setting (see [Zha] for more details) and establish the following statement. (f, Λ) ).
